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Let M be a compact, connected, oriented Riemannian manifold. Hermite
functions on M are deﬁned in terms of the heat kernel, and the existence of an
asymptotic expansion of these functions in powers of
√
t is established for small
time. In the case where M is a compact symmetric space, the asymptotic expan-
sion of Hermite functions associated to “symmetrized” derivatives is shown to be
greatly reduced, leaving an expansion in powers of t only.  2001 Academic Press
1. INTRODUCTION
Let M be a compact, connected, oriented n-dimensional Riemannian
manifold, and let x ∈M We assume that M is without boundary. Let  be
the Levi–Civita Laplacian, and consider the heat equation on M ,
∂u
∂t
= 12u
lim
t↓0
ut	 · = δx
Here δx is Dirac measure at x	 and the limit is taken in the sense of
distributions. It is well known that this equation has a unique solution and
that this solution is a smooth, strictly positive function ρt	 x	 y 0	∞ ×
M ×M → . We will keep the basepoint x ﬁxed and view the heat kernel
as a one-parameter family of functions on M , denoting it by ρt .
1 This work was partially supported by National Science Foundation Grant DMS-9970882
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Heat kernels (associated to general elliptic operators) and their asymp-
totics have a long history of study. Roughly speaking, the short-time behav-
ior of a heat kernel is controlled by geometric data, which has motivated
much of this work. As a result of the seminal paper of Gross [3], Hijab
[6, 7] introduced the notion of “Hermite” functions on Lie groups. The
small-time asymptotics of these Hermite functions has been studied by the
author [10, 11]. This paper is written to report on some new results in this
direction.
We will study Hermite functions on M , whose deﬁnition follows. Let D
be a smooth differential operator of order m deﬁned on M .
Deﬁnition 1. Let KD·	 t be the function on M given by the rule
KD·	 t =
Dρt·
ρt·

We refer to such a function as the Hermite function on M associated to
the differential operator D at time t.
Remark 2. Note that ifM is the noncompact manifold n with the usual
metric and D is a constant coefﬁcient differential operator, then the heat
kernel satisﬁes ρt· =  12πt n/2e−·
2/2t and KD·	 t is the classical Hermite
polynomial associated to D at time t.
Notation 3. For the special case of n with the usual metric, we let
HD·	 t =
Dρt·
ρt·
= e·2/2t(D(e−·2/2t))
denote the Hermite function associated to D at time t.
LetM = G be a compact, connected Lie group with Lie algebra . In [10]
and [11], the author began the study of the small-time asymptotic behav-
ior of Hermite functions on G. There it was shown that (suitably scaled)
Hermite functions associated to right invariant differential operators have
an asymptotic expansion in powers of
√
t whose coefﬁcients are polynomi-
als on , the Lie algebra of G. Furthermore, for Hermite functions asso-
ciated to “symmetrized” derivatives, it was shown that all of the terms in
the asymptotic expansion with odd power of
√
t vanish, resulting in just a
formal series in powers of t. The present paper extends these results to
arbitrary compact symmetric spaces, ﬁrst by showing that Hermite func-
tions on these manifolds possess an asymptotic expansion in powers of
√
t	
and then proving that those Hermite functions associated to symmetrized
derivatives possess terms in the series that contain integral powers of t only.
In Section 2, we prove that Hermite functions possess small-time asymp-
totic expansions satisfying strong convergence properties. In fact, we prove
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the more general assertion that a Hermite function on any compact, con-
nected, oriented Riemannian manifold has an asymptotic expansion in pow-
ers of
√
t with the same convergence properties. In Section 3 we introduce
the notion of symmetrized derivatives on compact symmetric spaces and
show that the relevant analysis of such operators on Lie groups given in
[11] carries over to the setting of an arbitrary symmetric space. In Section 4
we prove that, for Hermite functions associated to symmetrized derivatives,
the terms in the asymptotic expansion corresponding to odd powers of
√
t
vanish, thus extending Theorem 5.1 of [11]. Finally, in Section 5, we con-
jecture a “non-terminating expansion” theorem regarding certain Hermite
functions on compact symmetric spaces that, in light of Theorem 6.1 of [11],
is perhaps somewhat surprising. It is hoped that others in the mathematics
community may have an interest in addressing this problem.
It is the author’s pleasure to acknowledge helpful conversations with
Brian Hall regarding Theorem 14.
2. THE ASYMPTOTIC EXPANSION
In this section we prove the existence of the asymptotic expansion of
Hermite functions on compact, connected, oriented Riemannian manifolds.
We ﬁrst recall the parametrix approximation to the heat kernel originally
studied by Minakshisundaram and Pleijel (see [9]). Consider a neigh-
borhood V of the origin in TxM such that Expx V → U is a dif-
feomorphism of V with the neighborhood U of x. For y ∈ U	 let
ϕ0y = detd expxexp−1x y−1/2. Here the determinant is computed
with respect to an orthonormal basis of TxM and its parallel translate in
TyM . Let ry denote the Riemannian distance from x to y in the mani-
fold M Let γ be the unique unit speed geodesic from x to y so γ0 = x
and γry = y Inductively, deﬁne the functions ϕi	 i ≥ 1	 by the formula
ϕiy =
1
2
r−iyϕ0y
∫ r
0
ϕi−1γssi−1
ϕ0γs
ds (1)
It is known that the functions ϕi are smooth on U .
Let η′  →  be a smooth cut-off function that is 0 outside of the
interval −ε	 ε and identically one on − ε2 	 ε2 ; here ε is a positive number
chosen small enough so that the
√
ε-ball is contained within U . We deﬁne
a function η U →  by
ηy = η′r2y
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The function η is smooth on U For any positive integer J > n2 , deﬁne a
function aε 0	∞×M →  by the rule
aεt	 y = ηy
(
1
2πt
)n/2
e−r
2y/2t
J∑
i=0
ϕiyti (2)
Here the subscript ε indicates the dependence of this function on the sup-
port of the cut-off function η. Note that if y /∈ U , then ηy = 0	 and so
this function is deﬁned globally on M . We have suppressed from the nota-
tion the dependence of aε on J for the following reason. For the concerns
of this paper, the only requirement of J is that it be sufﬁciently large, and
we will always have the freedom to ensure that this is the case.
The function aε is a parametrix for the heat equation and provides an
approximation to the heat kernel in the vicinity of x for small t. Speciﬁcally,
the following estimate holds.
Theorem 4. Let 0 < λ < 1 be given, and let D be a smooth differential
operator of order m deﬁned over the support of η. For J > m + n2 and 0 <
t ≤ 1, there exist positive constants δ and C ′, depending on D	k	 ε	η, and λ,
such that
Dρty − Daεt	 y ≤ C ′tJ−m−n/2e−λr
2y/2t
for all y in the ball of radius δ centered at x.
Proofs of similar results may be found in a number of sources (for exam-
ple, see [1, 2]), while a precise proof of this result, adapted to the interests
of this paper, is given in [10].
We need a lower bound on the heat kernel. The primary tool will be an
inequality due to Li and Yau [8].
Theorem 5. For any number µ > 1, there exists a positive constant C ′′
such that if t is sufﬁciently small, then
ρty ≥ C ′′t−n/2e−µr
2y/2t 
Proof. Let the Ricci curvature be bounded below by −K, where K > 0
is a ﬁxed constant. Fix µ > 1, and choose γ such that 1 < γ < µ. Let
0 < t1 < t2. Theorem 2.3 of [8] shows that
ρt1x ≤ ρt2y
(
t2
t1
)nγ/2
exp
(
nγKt2 − t1
2
√
2γ − 1
)
exp
(
γr2y
2t2 − t1
)

Now choose θ > 1 such that γ1−1/θ ≤ µ Let t1 = tθ and t2 = t The above
relationship yields
ρt/θx ≤ ρtyθnγ/2 exp
(
nγKt1− 1/θ
2
√
2γ − 1
)
exp
(
γr2y
2t1− 1/θ
)
≤ ρtyθnγ/2 exp
(
nγKt1− 1/θ
2
√
2γ − 1
)
exp
(
µr2y
2t
)
 (3)
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Recall that the heat kernel ρt is based at x. From the well-known fact that
ρtx is asymptotic to  12πt n/2 as t tends to 0, we see that there exists a
positive constant C such that ρtx ≥ Ct−n/2 for t sufﬁciently small (both
of these facts are easy consequences of Theorem 4). Thus, there exists
a positive constant C ′ such that ρt/θx ≥ C ′t−n/2 for t sufﬁciently small.
Using this with (3), the theorem follows.
In addition to these approximations, we need explicit global bounds for
logarithmic derivatives of the heat kernel. Sufﬁcient bounds for our pur-
poses were found by Stroock and Turetsky through the use of probabilistic
means (see [12, 13]).
Theorem 6. For 0 < t ≤ 1	 there exists a positive constant C ′′, depending
on D, such that for all y ∈M ,
∣∣∣∣Dρtyρty
∣∣∣∣ ≤ C ′′t−m
We emphasize that this is a global bound on M .
Let Exp be the exponential mapping of TxM into M . Let D be a
smooth differential operator of order m deﬁned on M . More precisely,
let Xini=1 be an orthonormal basis of TxM and let y = y1	 y2	    	 yn →
Expy1X1 + · · · + ynXn be a normal coordinate system deﬁned on a neigh-
borhood V of the origin in TxM such that Exp is a diffeomorphism on V . If
D = ∑
α≤m
bαyDα for y ∈ V	 where
Dα = ∂
α
∂y
α1
1 · · · ∂yαnn
for a multi-index α = α1	    	 αn of nonnegative integers, then the func-
tions bα are smooth on V for each α, α ≤ m. Additionally, we require that
there exists at least one multi-index α satisfying α = m and bα0 = 0	
where 0 is the origin in TxM . For such a differential operator, deﬁne
D˜ = ∑α=m bα0Dα. We view D˜ as an operator acting on functions on
TxM and note that it is a constant coefﬁcient differential operator homo-
geneous of order m.
Let D·	 t be the function on TxM given by the rule
D·	 t = tm/2KDExp
√
t·	 t
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Let dµY  = e−Y 2/2dY , where dY is Lebesgue measure on TxM deter-
mined by the metric We have the following theorem:
Theorem 7. For every k ≥ 0, there exists a polynomial function VDk·
on TxM such that D·	 t is asymptotic to the formal series
∞∑
k=0
VDk·tk/2
in the following sense. For every nonnegative integer N	
lim
t↓0
t−N/2
(
D·	 t −
N∑
k=0
VDk·tk/2
)
= 0	
both uniformly on compact subsets of TxM and in LpTxM	 dµ for every
1 ≤ p < ∞. The polynomial VD0· is given by VD0· = HD˜·	 1	 the clas-
sical Hermite polynomial on TxM corresponding to the constant coefﬁcient
differential operator D˜.
Proof. Choose a nonnegative integer N . Let C represent a generic pos-
itive constant and let 0 < λ < 1 and µ > 1 be constants to be speciﬁed
later. We let At = Y ∈ TxM s.t. Y  ≤ δ
′√
t
. We choose δ′ small enough
so that Theorem 4 holds and the cut-off function used in the deﬁnition of
aε is identically one on Bx	 δ′. Fix an orthonormal basis Xini=1 of TxM	
and choose J > maxN2 	m+ n2.
Consider the function of the variables u and Y given by
Au	Y  = u
m+nDaεu2	 ExpuY 
unaεu2	 ExpuY 
 (4)
Fix Y ∈ At , and consider A as a function of u only. By hypothesis, D can be
written in the coordinates y = y1	 y2	    	 yn → Expy1X1 + · · · + ynXn
as
D = ∑
α≤m
bαyDα
where each bα is a smooth function. Thus, in the u-dependent coordinates
y = y1	 y2	    	 yn → Expuy1X1 + · · · + ynXn	 we have
umD = ∑
α≤m
um−αbαuyDα (5)
In these coordinates, we have
unaεu2	 ExpuY  =
(
1
2π
)n/2
e−Y 
2/2
J∑
i=0
ϕiExpuY u2i (6)
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Formula (6) shows that the function unaεu2	ExpuY  is smooth in the
variable u on a neighborhood of 0 containing
√
t Since we can take
unaεu2	ExpuY  to be nonzero on this neighborhood	 the reciprocal of
unaεu2	ExpuY  is also smooth on this domain. Applying the operator
in (5) to the function unaεu2	ExpuY  shows that the numerator in (4)
is smooth. Finally, combining these observations, we see that (4) is smooth
on this neighborhood of 0.
We show how to determine the functions VDkY  for k ≤ N Let
N∑
k=0
VDkY tk/2
be the Taylor expansion at u = 0 of (4) up to order N , evaluated at u = √t.
It is clear that the coefﬁcients in this Taylor expansion are polynomials in
Y . Note that increasing J does not change this expression, as the only new
contributions would come at a higher order of u. Observe also that the
zeroth-order term is HD˜·	 1.
For Y ∈ At	 we calculate∣∣∣∣DY	 t − N∑
k=0
VDkY tk/2
∣∣∣∣ ≤ ∣∣DY	 t −A√t	 Y ∣∣ (7)
+
∣∣∣∣A√t	 Y  − N∑
k=0
VDkY tk/2
∣∣∣∣ (8)
We examine these two terms separately, ﬁrst addressing (8). Standard esti-
mates with Taylor’s remainder formula shows that (8) is bounded by tN+1/2
times a function of Y of polynomial growth for Y ∈ At ; in fact, the degree
of growth of this function is at most m+N + 1. We now address (7). For
Y ∈ At , we have
DY	 t −A
√
t	 Y 
=
∣∣∣∣ tm+n/2DρtExp
√
tY 
tn/2ρtExp
√
tY  −
tm+n/2Daεt	Exp
√
tY 
tn/2aεt	Exp
√
tY 
∣∣∣∣
≤
∣∣∣∣ tm+n/2DρtExp
√
tY 
tn/2ρtExp
√
tY  −
tm+n/2Daεt	Exp
√
tY 
tn/2ρtExp
√
tY 
∣∣∣∣ (9)
+
∣∣∣∣ tm+n/2Daεt	Exp
√
tY 
tn/2ρtExp
√
tY  −
tm+n/2Daεt	Exp
√
tY 
tn/2aεt	Exp
√
tY 
∣∣∣∣ (10)
By Theorem 4 and Theorem 5, we see that (9) satisﬁes∣∣∣∣ tm+n/2DρtExp
√
tY 
tn/2ρtExp
√
tY  −
tm+n/2Daεt	Exp
√
tY 
tn/2ρtExp
√
tY 
∣∣∣∣
≤ CtJ−m/2eµ−λY 2/2
172 jeffrey j. mitchell
for sufﬁciently small t and Y ∈ At Now, observe that (10) is given by∣∣∣∣ tm+n/2Daεt	Exp
√
tY 
tn/2ρtExp
√
tY  −
tm+n/2Daεt	 Exp
√
tY 
tn/2aεt	 Exp
√
tY 
∣∣∣∣
=
∣∣∣∣ tm+n/2Daεt	 Exp
√
tY 
tn/2ρtExp
√
tY 
∣∣∣∣
∣∣∣∣ρtExp
√
tY  − aεt	 Exp
√
tY 
aεt	 Exp
√
tY 
∣∣∣∣
It is easily conﬁrmed that Daεt	 y ≤ Ct−m−n/2e−r2y/2t , as each ﬁrst-
order derivative applied to the Gaussian term in aε increases the t singu-
larity at 0 by one order. Also, an examination of (2) shows that aεt	 y ≥
Ct−n/2e−r
2y/2t for sufﬁciently small t and y ∈ Bx	 δ′ Using these obser-
vations, Theorem 4, and Theorem 5, we have∣∣∣∣ tm+n/2Daεt	 Exp
√
tY 
tn/2ρtExp
√
tY 
∣∣∣∣
∣∣∣∣ρtExp
√
tY  − aεt	 Exp
√
tY 
aεt	 Exp
√
tY 
∣∣∣∣
≤ (Ct−m/2eµ−1Y 2/2)(C ′tJe1−λY 2/2)
= CtJ−m/2eµ−λY 2/2
for sufﬁciently small t Therefore, we have established that
DY	 t −A
√
t	 Y  ≤ CtJ−m/2eµ−λY 2/2
for Y ∈ At and t sufﬁciently small. Hence, by our choice of J, we can
combine our estimates to obtain, for Y ∈ At ,
t−N/2
∣∣∣∣DY	 t − N∑
k=0
VDkY tk/2
∣∣∣∣ ≤ C√teµ−λY 2/2f Y  (11)
for some nonnegative function f of polynomial growth. Since any com-
pact set is contained in At for t small enough, this estimate shows that
t−N/2DY	 t −
∑N
k=0 VDkY tk/2 goes to 0 uniformly on compact subsets
as t tends to 0.
Now let 1 ≤ p < ∞, and let  · p	 S be the Lp norm of a function over
the set S ⊂ TxM with respect to the Gaussian measure dµ We have∥∥∥∥t−N/2
(
D·	 t −
N∑
k=0
VDk·tk/2
)∥∥∥∥
p	TxM
≤
∥∥∥∥t−N/2
(
D·	 t −
N∑
k=0
VDk·tk/2
)∥∥∥∥
p	At
(12)
+
∥∥∥∥t−N/2
(
D·	 t −
N∑
k=0
VDk·tk/2
)∥∥∥∥
p	TxM−At
 (13)
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We estimate (12) using (11):∥∥∥∥t−N/2D·	 t − N∑
k=0
VDk·tk/2
∥∥∥∥
p
p	At
=
∫
At
t−Np/2
∣∣∣∣DY	 t − N∑
k=0
VDkY tk/2
∣∣∣∣
p
e−Y 
2/2dY
≤ C
∫
At
tp/2epµ−λY 
2/2f Y pe−Y 2/2dY
≤ C
∫
TxM
tp/2epµ−λY 
2/2f Y pe−Y 2/2dY
We choose λ and µ so that pµ − λ < 1; it is then easily seen that the
above integral tends to 0 as t tends to 0. Finally, for (13), we have∥∥∥∥t−N/2D·	 t − N∑
k=0
VDk·tk/2
∥∥∥∥
p	TxM−At
≤ ∥∥t−N/2D·	 t∥∥p	TxM−At +
∥∥∥∥t−N/2 N∑
k=0
VDk·tk/2
∥∥∥∥
p	TxM−At

By Theorem 6, we have
D·	 t ≤ Ct−m/2
Since the density for the Gaussian measure dµ satisﬁes
e−Y 
2/2 ≤ e−δ′2/4te−Y 2/4
on TxM −At , it is easy to verify that the two terms∥∥t−N/2D·	 t∥∥p	TxM−At and
∥∥∥∥t−N/2 N∑
k=0
VDk·tk/2
∥∥∥∥
p	TxM−At
tend to 0 as t tends to 0. This completes the proof.
Corollary 8. Let M be a compact, connected, oriented Riemannian
manifold and let M˜ be its universal cover with projection p. Choose a ﬁxed
y ∈ p−1x. Let V be a neighborhood of y that is mapped isometrically
by p onto a neighborhood U of x. Let D be a smooth differential operator
deﬁned on U . Let D˜ be the differential operator on M˜ deﬁned on V by the
formula
D˜f z = Df ◦ p−1pz
Identify TyM˜ and TxM via the isometry dpy Then, under this identiﬁcation,
the asymptotic expansions for KD·	 t and KD˜·	 t are equal, as computed
using the parametrix approximations to the heat kernels on the respective man-
ifolds. Here KD˜·	 t is computed with the heat kernel on M˜ based at y.
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Remark 9. It does not matter that M˜ may not be compact; the concern
of the corollary is just the behavior of the parametrix approximation to
the heat kernels given by (1) and (2). Thus, an abbreviated statement of
the corollary is that the computed expansion just depends upon the local
geometry of the manifold.
Proof. Under the identiﬁcation of tangent spaces, it is clear that the
parametrix approximations a5 and a˜5 are equal, as can be seen from
(1) and (2) and the fact that p is a local isometry. The result follows
immediately.
3. SYMMETRIZED DERIVATIVES
Let M be a compact, connected, oriented, locally symmetric space. We
assume that M is simply connected. For the concerns of this paper, there is
no loss of generality in this assumption, since, if necessary, we can replace
M by its universal cover through an application of Corollary 8. Therefore,
we have M = G/K, with G a simply connected, compact Lie group and K
a closed subgroup of G. Let  = LieG and  = LieK. The Lie algebra 
can be given an AdG-invariant inner product < ·,· >. This metric deter-
mines uniquely a left G-invariant Riemannian metric on G/K, and G/K
is a Riemannian globally symmetric space with this metric. Let ⊥ be the
orthogonal complement of  in . There is an involutive automorphism of
G, denoted σ , such that dσeX = X for X ∈  and dσeY  = −Y for
Y ∈ ⊥. Consequently σ ﬁxes . The induced map σ˜  G/K → G/K is an
isometry and gives the geodesic symmetry. Additionally, let π G → G/K
be the canonical projection, and let Exp denote the Riemannian exponen-
tial map at eK and exp the algebraic exponential map on . Then for
Y ∈ ⊥, we have πexpY  = ExpdπeY  (see Helgason [4, p. 177]). Thus,
Y → expY K for Y ∈ ⊥ small is a normal coordinate system for G/K,
where we have identiﬁed TeKG/K with ⊥.
Let Xini=1 be an orthonormal basis of ⊥  TeKG/K	 and let
s = s1	 s2	    	 sn ∈ n. Let Xs = s1X1 + · · · + snXn, and let m =
m1	m2	    	mn be a multi-index of nonnegative integers with m =
m1 + · · · +mn. In what follows, we frequently view functions on G/K as
right K invariant functions on G; whether we view a function on G/K as a
right K-invariant function on G or as a function with domain G/K should
be clear from the context.
Deﬁnition 10. The differential operator Xm is given by the formula
Xmf g = ∂
m
∂s
m1
1 · · · ∂smnn
∣∣∣∣
0
f expXs · g
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for f ∈ C∞G/K. We refer to such differential operators as “symmetrized
derivatives” on G/K.
Remark 11. Note that Xmf is a right K-invariant function, and so
Xmf does indeed represent a function on G/K.
Let U be an open neighborhood of the origin in ⊥ and let V be an open
neighborhood of the origin in  small enough so that Y	X ∈ U × V ϕ→
expY expX is a coordinate chart for G containing e. We assume that U
and V are symmetric about the origin and that U × V is small enough so
that U × V is contained in a neighborhood O of the origin in  such that
elements of expO have unique square roots in expO.
Let k ∈ K and p ∈ exp⊥. For g = pk, we have σg = σpσk =
p−1k, since σ ﬁxes K and its derivative is −I on ⊥. Thus, gσg−1 = p2.
Hence, for p ∈ expU and gσg−1 ∈ ϕU × V , we have p =
√
gσg−1,
where
√
gσg−1 represents the unique square root of gσg−1 in expO.
Let W ′ be an open neighborhood of e small enough so that if g′ ∈ W ′, then
g′σg′−1 ∈ ϕU × V . Let W be a neighborhood of the origin in ⊥ such
that expW  ⊂ W ′. We assume that W is symmetric about the origin.
Let f ∈ C∞G be a right K-invariant function. Let Y ∈ W and let
g = expXs expY . We assume that s is small enough so that g ∈ W . Then
f expXs expY  = f
(√
gσg−1
)
= f
(√
expXs exp 2Y expXs
)

Let Bs	 Y  be the unique element of O such that
expBs	 Y  = expXs exp 2Y expXs
Then √
expXs exp 2Y expXs = exp 12Bs	 Y 
The function Bs	 Y  is analytic in s and Y . Thus, we can write
1
2Bs	 Y  =
∞∑
k=1
bks	 Y 	
where each bk is a homogeneous polynomial in the variables s and Y of
combined total degree k. It is clear that there is no constant term. By a
repeated use of the Baker–Campbell–Hausdorff Formula (we assume the
vectors Xs and Y small enough so that this is possible), it follows that
bks	 Y  is a sum of terms of the form
· · · E1	 E2	 E3	    	 Ek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where each Ej , 1 ≤ j ≤ k, is either Xs or Y . It also follows easily from
the Baker–Campbell–Hausdorff Formula that
b1s	 Y  = Xs + Y
For our purposes, we will study the differential operator t m/2Xm in
the t-dependent coordinate system Y → exp√tY K deﬁned on a neigh-
borhood of the origin in ⊥. We will make use of our chosen basis Xini=1
of ⊥; more speciﬁcally, we will refer to the previous coordinates through
this basis, with y1	    	 yn → exp
√
ty1X1 + · · · + ynXnK.
Let
√
tu = √tu1	    	 un = s1	    	 sn = s. Let f ∈ C∞G be a right
K-invariant function. Then(
t m/2Xmf )exp√tY 
= t m/2 ∂
m
∂s
m1
1 · · · ∂smnn
∣∣∣∣
0
f expXs exp√tY 
= ∂
m
∂u
m1
1 · · · ∂umnn
∣∣∣∣
0
f exp√tXu exp√tY 
= ∂
m
∂u
m1
1 · · · ∂umnn
∣∣∣∣
0
f
(
exp 12B
√
tu	
√
tY )
Now
1
2B
√
tu	
√
tY  =
∞∑
k=1
tk/2bku	Y 	 and so
exp 12B
√
tu	
√
tY  = exp
(√
t
( ∞∑
k=1
tk−1/2bku	Y 
))

Therefore, we may formally expand
∂
∂ui
=
n∑
j=1
∂yj
∂ui
∂
∂yj
= ∂
∂yi
+
∞∑
k=1
tk/2
n∑
j=1
hijku	Y 
∂
∂yj
	
for functions
hijku	Y  =
∂
∂ui
bk+1u	Y 	Xj
Composing these differential operators formally, we write
∂m
∂u
m1
1 · · · ∂umnn
= ∂
m
∂y
m1
1 · · · ∂ymnn
+
∞∑
k=1
tk/2
∑
l≤m
gmklu	Y Dly
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for some functions gmklu	Y . Here the expression Dly represents the oper-
ator ∂l/∂yl11 · · · ∂ylnn  for a multi-index l = l1	    	 ln It is clear that the
functions gmkl are polynomials in the variables u and Y and that deg g
m
kl ≤ k,
considered only as a polynomial in Y ; more generally, gmkl could be a poly-
nomial of degree k+ 1, but there are no terms in this polynomial consisting
of only u’s or Y ’s. This is due to the fact that the functions bk+1u	Y  are
linear combinations of brackets of Xu and Y ; if all of the terms belong
solely to Xu’s or Y ’s, then we have an expression in which we bracket a
vector with itself, yielding 0.
A careful examination of Section 3 in [11] shows that the results estab-
lished there may be proved by the same techniques. We list the result that
we will use. In what follows, degY gmkl0	 Y  represents the degree of the
polynomial gmkl0	 Y .
Lemma 12. In the above formal expansion, the functions gmkl0	 Y  are
either even or odd polynomials in the variable Y . They satisfy
degY gmkl0	 Y  + m + l ≡ k(mod 2)
4. SYMMETRY PROPERTIES
We retain the notation of the previous section. In particular, W rep-
resents the neighborhood of the origin in ⊥ referred to previously, and
W ′ = expW .
Lemma 13. The heat kernel on G/K satisﬁes ρt ◦ σ˜ = ρt .
Proof. By a result of Helgason (see [5, Proposition 2.4, p. 246]), it
follows that  commutes with the operator given by composition with
the geodesic symmetry σ˜ . Thus, ρt ◦ σ˜ satisﬁes the heat equation. Let
f ∈ CG/K, and let dx represent the Riemannian volume measure. Since
σ˜ is an isometry and σ˜eK = eK, we have
lim
t↓0
∫
G/K
ρtσ˜xf xdx = lim
t↓0
∫
G/K
ρtxf σ˜−1xdx
= f σ˜−1eK
= f eK
Thus, ρt ◦ σ˜ satisﬁes the deﬁning properties of the heat kernel. Since the
heat kernel is unique, we must have ρt ◦ σ˜ = ρt .
Theorem 14. We have
Xmρtexp−Y K = −1mXmρtexpY K
for Y ∈ W .
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Proof. Let Y ∈ W Then
Xmρtexp−Y K =
∂m
∂s
m1
1 · · · ∂smnn
∣∣∣∣
0
ρtexpXs exp−Y K
We may assume that s is small enough so that for g = expXs exp−Y ,
we have g ∈ W ′. Note that σg = exp−Xs expY  since both Xs
and Y are vectors in ⊥. Thus,
ρtexpXs exp−Y K = ρt
(√
gσg−1K
)
= ρt
(√
expXs exp−2Y  expXsK
)

We now apply Lemma 13 to obtain
ρt
(√
expXs exp−2Y  expXsK
)
= ρt
(
σ˜
(√
expXs exp−2Y  expXsK
))
= ρt
(√
σexpXs exp−2Y  expXsK
)

The last equality follows from the fact that σ is an automorphism of G.
Continuing, we have
ρt
(√
σexpXs exp−2Y  expXsK
)
= ρt
(√
exp−Xs exp2Y  exp−XsK
)
= ρt
(
exp−XsexpY K
)

Hence,
Xmρtexp−Y K =
∂m
∂s
m1
1 · · · ∂smnn
∣∣∣∣
0
ρtexpXs exp−Y K
= ∂
m
∂s
m1
1 · · · ∂smnn
∣∣∣∣
0
ρtexp−Xs expY K
= −1mXmρtexpY K
This completes the proof.
Let
mY	 t = t m/2KXmexp
√
tY K	 t
= t
m/2Xmρtexp
√
tY K
ρtexp
√
tY K
for Y ∈ ⊥  TeKG/K.
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Theorem 15. Let m·	 t have the asymptotic expansion
∞∑
k=0
V mk ·tk/2
Then for every k, the polynomial V mk · is even if m is even and odd if m
is odd.
Proof. The existence of the expansion was established in Theorem 7.
From Theorem 14 we see that m−Y	 t = −1mmY	 t for Y ∈ W .
Thus, the argument given in [11, Lemma 5.1] goes through (with the obvi-
ous modiﬁcations) to establish the parity of V mk ·.
We now show that the functions ϕiexp·K are even functions on ⊥.
An immediate consequence is that the Taylor expansions at t = 0 of the
functions ϕiexp
√
tY K in the variable √t have integral powers of t only.
Lemma 16. For every i ≥ 0, the function ϕiexp·K satisﬁes
ϕiexpY K = ϕiexp−Y K
for Y ∈ W .
Proof. The lemma is equivalent to saying that the functions ϕi are
invariant under the isometry σ˜ on W ′. This is obvious for the function
ϕ0 since σ˜ is an isometry that ﬁxes eK. The lemma now follows by induc-
tion on i by using (1) and observing that the Laplacian commutes with the
operator of composition with σ˜ .
We are now able to prove the primary result of the paper.
Theorem 17. The asymptotic expansion for m·	 t satisﬁes V mk · = 0
unless k is even; consequently, the asymptotic expansion for Hermite functions
on G/K corresponding to symmetrized derivatives is a formal series in powers
of t.
Proof. We compute the polynomial V mk Y  by calculating the coefﬁcient
of tk/2 in the Taylor expansion at t = 0 of
t m/2Xmtn/2aεt	 exp
√
tY K
tn/2aεt	 exp
√
tY K
in the variable
√
t.
We have the expansion for Xm:
t m/2Xm = Dmy +
∞∑
i=0
ti/2
∑
l≤m
gmil 0	 Y Dly 
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Since ExpY  = expY K for Y small, we have
tn/2aεt	 exp
√
tY K =
(
1
2π
)n/2
e−Y 
2/2
J∑
j=0
tjϕjexp
√
tY K
As a result of Lemma 16, the Taylor expansions of the functions
ϕjexp
√
tY K contain integral powers of t only. Therefore, the same is
true of the reciprocal of tn/2aεt	 exp
√
tY K. Hence, the only terms con-
tributing to V mk Y  for k odd will arise from the result of applying a term
of the form gmil 0	 Y Dly to tn/2aεt	 exp
√
tY K with i odd.
For a multi-index l	 note that Dly applied to t
n/2aεt	 exp
√
tY K is even
in Y if l is even and odd in Y if l is odd, since this is an even function
of Y . From Lemma 12, the polynomial gmil 0	 Y  is either even or odd, and
satisﬁes
degY gmil 0	 Y  + m + l ≡ imod2
Therefore,
degY gmil 0	 Y  + l ≡ i+ mmod2	
and so gmil 0	 Y Dlyt
n
2 aεt	 exp
√
tY K is even or odd, depending on the
parity of i+ m For i odd, this implies that V mk Y  has parity the opposite
of m However, Theorem 15 shows that V mk Y  and m must have the
same parity. Thus, for k odd, V mk Y  must be both even and odd, and so
V mk Y  ≡ 0 This completes the proof.
5. A CONJECTURE
Let G be a compact Lie group. In [11], it was shown that the asymp-
totic expansions of Hermite functions on G associated to powers of the
Laplacian terminate, yielding polynomials in t whose coefﬁcients are poly-
nomials in Y . Moreover, a formula was given for the entire asymptotic
expansion in those cases. It would seem reasonable to expect the same
behavior for Hermite functions on compact symmetric spaces associated
to powers of the Laplacian. However, direct computations (of a grueling
nature) seem to indicate that this is not the case. In particular, the asymp-
totic expansion of the Hermite function on S2 associated to the Laplacian
exhibits a complicated behavior.
The proof that these asymptotic expansions terminate in the group case
relies on the fact that the functions ϕi are all multiples of ϕ0, which in turn
is a pointwise eigenfunction of the Laplacian inside the cut locus. This does
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not occur for the other symmetric spaces that the author has studied. As a
consequence, we have been led to the following conjecture:
Conjecture 18. Let M be a compact, connected, irreducible globally
symmetric space with Laplacian . Then the asymptotic expansion for
K·	 t terminates if and only if M is a Type II symmetric space; that is,
if and only if M is a simple, compact, connected Lie group.
REFERENCES
1. M. Berger, P. Gauduchon, and E. Mazet, “Le Spectre d’une Varie´te´ Riemannienne,”
Lecture Notes in Mathematics, 194, Springer-Verlag, Berlin, 1971.
2. N. Berline, E. Getzler, and M. Vergne, “Heat Kernels and Dirac Operators,” Grundlehren
der mathematischen Wissenschaften, Vol. 252, Springer-Verlag, Berlin, 1971.
3. L. Gross, Uniqueness of ground states for schrodinger operators over loop groups.
J. Funct. Anal. 112 (1993), 373–441.
4. S. Helgason, “Differential Geometry and Symmetric Spaces,” Academic Press, San Diego,
1978.
5. S. Helgason, “Groups and Geometric Analysis,” Academic Press, San Diego, 1984.
6. O. Hijab, Hermite functions on compact Lie groups, I, J. Funct. Anal. 125 (1994), 480–492.
7. O. Hijab, Hermite functions on compact Lie groups, II, J. Funct. Anal. 133 (1995), 41–49.
8. P. Li and S.-T. Yau, On the parabolic kernel of the Schrodinger operator, Acta Math. 156
(1986), 153–201.
9. S. Minakshisundaram and A. Pleijel, Some properties of the eigenfunctions of the Laplace
operator on Riemannian manifolds, Canad. J. Math. 1 (1949), 242–256.
10. J. Mitchell, Short time behavior of Hermite functions on compact Lie groups, J. Funct.
Anal. 164 (1999), 209–248.
11. J. Mitchell, Asymptotic expansions of Hermite functions on compact Lie groups, Potential
Anal., to appear.
12. D. Stroock and J. Turetsky, Short time behavior of logarithmic derivatives of the heat
kernel, Asian J. Math. 1 (1997), 17–33.
13. D. Stroock and J. Turetsky, Upper bounds on derivatives of the logarithm of the heat
kernel, Comm. Anal. Geom. 6, No. 4 (1998), 669–685.
